HOW DO INTEGRALS WHICH REQUIRE SUBSTITUTIONS WORK?
From earlier work we know that…



…to estimate area A                                  … we split

                                                A                  it into small

                                                                     rectangles…

… and to get a better approximation we split it into more and more rectangles and see what this approaches (using limits).

 

Area of 1 strip =  f(x) × Δx                                    f(x)


Area of all strips = ∑ f(x)× Δx
                                                                                          Δx

Actual area under the curve = lim  ∑  f(x)× Δx   which is written as   (f(x) dx

                                                Δx →0


Normally, the dx does not seem to have any significance at all.

Eg    ( x4 dx  =   x5  +  c   because, by the fundamental theorem of calculus, we

                         5

just antidifferentiate the expression.

Now consider the integral :        (3x2(x3 + 5)6 dx 


This is really the limit of the sum of lots of strips, each of area      3x2(x3 + 5)6 Δx 

 or written more formally :      = lim    ∑   3x2(x3 + 5)6 Δx 
                                                  Δx →0
Suppose we change the variable as follows:

     Let   u = x3 + 5

  then  du  = 3x2                      

           dx

but we also know that  du = lim      Δu    from the definition of the derivative.
                                    dx     Δx →0    Δx
so     Δu   ≈  3x2           and so   Δu ≈  3x2 Δx
        Δx
Essentially, we are considering two different “elemental strips” to approximate the area:

                            Old strip.                                      New strip.


f(x) = 3x2(x3 + 5)6                                            f(u) = u6
                                                                = (x3 + 5)6
                                    Δx                                                          Δu 

                  where the width of the new strip is Δu ≈  3x2 Δx
If we substitute this into the above we get:

(3x2(x3 + 5)6 dx      =     lim    ∑   3x2  (x3 + 5)6   Δx 
                                  Δx →0

                                                   =   lim    ∑     (x3 + 5)6     3x2Δx 
                                  Δx →0

                             =   lim    ∑     u6   Δu

                                       Δx →0

                                 =   ( u6 du

                                 =    u7   +  c       =     (x3 + 5)7    + c 
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____________________________________________________________________
In practice, we write this more concisely as follows:

 I     =    (3x2  (x3 + 5)6   dx                     let u = x3 + 5
                                                                    du = 3x2  or just    du = 3x2 dx

                                                                    dx

so I  =    (  (u)6 du 

        =     u7   +  c  
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        =    (x3 + 5)7     +   c

                    7 

