THE CHAIN RULE or FUNCTION OF A FUNCTION DIFFERENTIATION.
          Newton’s Notation                                      Leibnitz’s Notation
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Gradient at P= f ( (x) = lim    f(x+h) – f(x)           Gradient at P= dy = lim     (y           
                                     h ( 0              h                                               dx   (x(0      (x

These two expressions are of course identical since h = (x   and  f(x+h) – f(x) = (y
____________________________________________________________________
Consider two related graphs :  y = f(t)   with a y axis and a t axis 

                                         and t = g(x)  with a t axis and an x axis 


The gradient of y = f(t) could be written as   dy  =   lim     (y                           (y   
                                                                        dt       (t(0       (t                    (t 


The gradient of t = g(x) could be written as   dt  =   lim      (t                            (t   
                                                                        dx       (x(0      (x                     (x 

Now we have to resort to a theorem of advanced algebra that says:
“The product of two separate limits = The limit of the product of the two functions”.
Or                  lim A       ×       lim B       =       lim (A × B)

                   lim   (y       ×       lim (t      =       lim  (  (y   ×   (t    )    The (t’s do
                           (t                       (x                         (t         (x         cancel out.
                                                               =        lim    (y  
                                                                                   (x

                                                                =        dy
                                                                           dx
___________________________________________________________________
So    dy  =  dy  ×  dt               which “looks as though” the two  dt’s  cancel out.                  
        dx      dt       dx
In fact the “chain” can be as long as we please     dy  =    dy × dt  ×  du  ×  dv
                                                                               dx        dt     du      dv      dx
Consider this example:     Suppose   y = (x3 + 5x)7
                             let       y = t7      and     t = x3 + 5x

                           so     dy  =  7t6    and  dt  =   3x2 + 5

                                   dt                       dx

      substituting in   dy  =  dy  ×  dt                             

                                dx       dt       dx

      we get               dy  =   7t6  ×  (3x2 + 5)

                               dx 

                                     =  7 (x3 + 5x)6 (3x + 5)

____________________________________________________________________

  Consider this triple chain :   Suppose   y =  ( 4 + (x2 + 1)6 )3

        Let    y  =   t 3      and    t =  4 + u6    and    u =  x2 + 1
        So     dy = 3 t2     and     dt  =  6 u5     and   du =  2x   

                 dt                          du                         dx
 Substituting in:            dy  =    dy     ×     dt      ×      du  

                                      dx        dt             du              dx

we get                         dy  =  3 t2        ×      6 u5    ×     2x
                                   dx
                                          = 3 (4 + u6)2    ×  6 (x2 + 1)5  ×  2x 

                                          = 3 ( 4 + (x2 + 1)6 )2 × 6 (x2 + 1)5  ×  2x 

