DIFFERENTIATING TRIG FUNCTIONS.
1.   Suppose   y = f(x)  =  sin(x)

                  y ′          =  lim   f(x + h) – f(x) 

                         h( 0              h
                                =  lim   sin(x + h) – sin(x) 

                         h( 0              h
                                =  lim   2cos  x + h    sin  h                   using sinA – sinB   
                         h( 0                    2           2                 = 2cos(A + B) sin(A – B)  
                                                                 h                                           2                2


                                 =  lim   cos  x + h         2sin  h         
                                      h( 0                2                   2        

                                                                                h                           


                                 =  lim cos  x + h     ×  lim       2sin  h         
                                      h( 0              2                                 2        

                                                                                          h 
                                                          →0

                                 = cos ( x )    ×  lim       2sin  h         
                                                         h( 0               2        

                                                                             h                        


Now consider :    L    = lim     2sin    h         
                                        h( 0              2                                          

                                                            h

USING DEGREES  :                                              USING RADIANS  :
  Let h = 0.0001 degrees                                                 Let h = 0.0001 rads

L ≈   2 sin (0.000050 )                              L ≈   2 sin (0.00005  rad )
                   0.0001                                                                        0.0001
     =  0.017453292                                                        = .999999999…  = 1
So, if y = sin (x degrees)                                          So, if y = sin (x radians)
   dy   =  cos(x)  ×  0.01745                                      dy   =  cos(x)  ×  1
   dx                                                                           dx 
This is a VERY good reason for using RADIANS when differentiating Trig functions.
(HINT: When differentiating any TRIG functions USE RADIANS ONLY.)
The above result can be illustrated intuitively using the graphs of y = sin(x) where x is in radians and degrees, using even scales on both x and y axes.

y = sin(x rad)
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However, if we were to draw a graph of y = sin(x degrees) with even scales, the gradient at x = 0 would be very small ( in fact it would equal 0.01745)
y = sin(x degrees)

  

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	


2.(a) Suppose   y = f(x)  =  cos(x)

                  y ′          =  lim   f(x + h) – f(x)     

                         h( 0              h
                                =  lim   cos(x + h) – cos(x) 

                         h( 0              h
                                =  lim   – 2sin  x + h    sin  h                   using cosA – cosB   

                         h( 0                       2           2               = –  2sin(A + B)sin(A – B)  
                                                                 h                                            2                2


                                 =  lim  –   sin  x + h         2sin  h         
                                      h( 0                   2                   2        

                                                                                h         

                                 =     –   sin(x) × 1       ( if x is in radians as on the previous page)

(b) Alternatively, we can use the fact that the derivative of sin(x) is cos(x) to find the 

      derivative of cos(x):

      If y = cos(x)   then y = sin( π – x) 
                                                 2

                               So dy = cos (π – x) × (– 1)
                                    dx            2

                                         = – sin(x)  
3.(a)  Suppose  y = tan(x)
     To find dy  we could use the fact that tan(x) = sin(x)

                  dx                                                        cos(x) 
Using the quotient rule for differentiating we get :
                  dy    =   cos(x) × cos(x) – sin(x) × – sin(x)

                  dx                            cos(x)2
                          =   cos2(x) + sin2(x)
                                        cos2(x)
                          =            1

                                      cos2(x)
                          =     sec2(x)  
(b)  Alternatively, we could find the derivative of tan(x) from 1st principles: 
 y ′          =  lim   f(x + h) – f(x)     

             h( 0              h
              =  lim   tan(x + h) – tan(x)     

             h( 0              h
              =  lim      
             h( 0              

              =  lim      
             h( 0              
              = lim      sin( [x + h] – x )

             h( 0    h cos(x + h) cos(x)
              = lim             1                     ×   lim  sin(h )

             h( 0       cos(x + h) cos(x)                   h
               =                     1                 ×        1
                                   cos2(x) 
               =      sec2 (x)    as found in part (a)


                                                                                                                                      
EXCITING SPECIAL EASIER WAY TO DIFFERENTIATE  y = sin x
Instead of using the usual “right hand” form of the derivative :

                  y ′          =  lim   f(x + h) – f(x) 

                                     h( 0           h                              
we could use the “two sided” form of the derivative:                                  
[image: image1]
The gradient of chord QR is a good approximation of the gradient of the tangent at P.
The gradient of QR =    f(x + h) – f(x – h)
                                               2h

The “two sided” version of the derivative is :

Gradient at P =    lim   f(x + h) – f(x – h) 
                    h( 0              2h
If y = sin x  then y ′ =  lim  sin(x + h) – sin(x – h) 

                                       h( 0              2h

                                 = lim    sinx.cosh + cosx.sinh – sinx.cosh +cosx.sinh 
                                   h( 0                        2h
                                       = lim   2 cos(x)  sin(h) 

                                           h( 0              2h
                                      =   cos x  ×  lim    sin(h) 

                                                          h( 0     h
                                      =  cos x  ×   1    if   x is in radians!
                           (  Or   = cos x  ×  0.01745  if x is in degrees! ) 

Similarly for the derivative of y = cos x
Gradient at P =    lim   f(x + h) – f(x – h) 
                    h( 0              2h
If y = cos x  then y ′ =  lim  cos(x + h) – cos(x – h) 

                                     h( 0              2h

                                 = lim cosx.cosh – sinx.sinh – cosx.cosh – sinx.sinh 
                                     h( 0              2h
                                       = lim  – 2 sin(x)  sin(h) 

                                             h( 0              2h
                                      =  – sin x  ×  lim    sin(h) 

                                                          h( 0       h
                                      =  – sin x  ×   1    if   x is in radians!

VIDEO Showing the gradient of sin is cos

http://screencast.com/t/h4MxvV0gFe
Gradient at
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Gradient at x = π is  – 1 





Gradient at


x = 0 is  1
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The graph of the gradient function of y = sin(x) is clearly the graph of y = cos(x)      (see below)





Gradient of y = sin(x) at x = 0 is 1


and the value of y = cos(x) at x = 0 is also 1
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This graph does not reach its maximum value until x = 90





Gradient at


x = 0 is  0.017
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sin(x + h) – sin(x)


cos(x + h)   cos(x)


                 h





sin(x + h)cos(x) – cos(x + h) sin(x)


   h cos(x + h) cos(x)





                      SUMMARY





    If  y = sin x     then   dy   =   cos x


                                       dx





    If  y = cos x     then   dy   =   – sin x


                                       dx





    If  y = tan x     then   dy   =   sec2 x


                                       dx































































































Special Note:  If y = sin (x degrees) then y = sin(  π    x   rad)


                                                                             180


so dy  =  π     cos(π    x   rad )    =   π     cos(x   degrees )  = 0.01745 cos(x) as in N0 1


    dx      180        180                     180  
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y = f(x)
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