UNDERSTANDING THE PROOFS OF TRIG FORMULAE.

Using the basic formula for the area of a triangle:                              a

                                                                                                            h

       Area =   b  ×  h                                                                 C

                         2                                                                                      b

We can substitute  h = a sin C and get the version:

        Area =  a b sin C  

                          2

____________________________________________________________________

Consider two acute angles A and B which I will fit together as shown below, producing 

a triangle PQR where PS is perpendicular to QR 

                                                        P


                                                     A   B

                              x                       y                              z             


        Q                                             S                                                                          R

      Area ΔQPR     =    Area ΔQPS       +      Area ΔRPS
     x z sin(A+ B)    =    x y sin A             +        y z sin B

          2                             2                                     2

Multiply both sides by 2 DIVIDE both sides by  x z 
             sin(A+ B)    =    x y sin A             +        y z sin B

                                       x z                                 x z

(notice:   y  = cos B       and      y  = cos A  )
                z                                 x
so     sin(A+ B)    =    cos B   sin A             +       cos A sin B

or rearranging:


        sin(A+ B)    =       sin A  cos B           +       cos A sin B

To go further we need to consider sin(– C) and cos(– C)

Using the Trigometer idea from earlier:



                                                Sin C
                             C

                                                                                            – C

                                                                                                                Sin (– C)
                      Clearly   sin(– C) =  – sin C
BUT as we see below   cos (– C) = +cos C 


                                                                                            cos(–C)
                                                                                              

                             C

                                                                                            – C

                                 cos C

Now substitute B = – C   in  sin(A+ B)    =       sin A  cos B           +       cos A sin B
We now get                   sin(A – C)    =       sin A  cos (– C)           +      cos A sin(– C)
which  becomes            sin(A – C)    =       sin A  cos C          –       cos A sinC     

This is normally written as      

       sin(A  –  B)    =       sin A  cos B     –    cos A sin B
and the two formulae are usually combined as :
    

       sin(A± B)    =       sin A  cos B   ±    cos A sin B

Now for the cosine versions:                      A

                                                                           60   

Clearly  cos 60 = sin 30                                                           2

                                                                       1                         


                                                                                                         30

                                                                       B                √3                       C


Or in general  cos θ = sin(90 –  θ)                      θ
                 
                                                                                               90–θ

Using the formula :

sin(A+ B)    =       sin A  cos B           +       cos A sin B

to find cos (A + B) we find sin(90 – (A+ B)) but group it as sin( (90 – A) – B)  

Expanding this, we get :
cos (A + B) = sin( (90 – A) – B)

                   = sin(90 – A) cos (B) – cos(90 –A )sin B  
                   =       cos A   cos B   –       sin A   sin B    
Similarly   cos ( A – B) = cos A   cos B   +   sin A   sin B  
and the two formulae are usually combined as :
    

      cos(A± B)    =       cos A  cos B   +    sinA sin B

Finally we can find  tan(A + B) using sin(A + B)
                                                          cos(A + B)  

tan(A + B) = sin A  cos B      +       cos A sin B

                     cos A  cos B      –        sin A sin B  



We simplify this in a very smart way : multiply by 1 in the form 



tan(A + B)   =    sin A  cos B      +       cos A sin B   
                                                                                      ×

                            cos A  cos B      –        sin A sin B  

                             sin A cos B     +     cos A sin B
             =             cos A cos B            cos A cos B  
                             cos A cos B     –     sinA sin B
                             cos A cos B            cos A cos B 
              =                tan A        +       tan B

                                    1    –     tan A tan B

Similarly    tan (A – B) =  tan A  –     tan B

                                         1     +  tan A tan B

and the two formulae are usually combined as :

                   tan (A ± B) =    tan A  ±   tan B
                                              1   +   tan A tan B
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