APPLYING THE DISCRIMINANT TO INTERSECTIONS.

(also applies to CONICS section.)

1. Suppose we want the intersection points of y = x2 – 4x + 3 and y = 2x – 2 

    We write :      x2 – 4x + 3 = 2x – 2
 rearranging :     x2 – 6x + 5 = 0

factorising   :  (x – 1)(x – 5) = 0

so    x = 1 and x = 5
the intersection points are (1, 0) and (5, 8)



2. Now consider the case when y = x2 – 4x + 3 and y = 2x – 6 
We write    :   x2 – 4x + 3 = 2x – 6
rearranging :     x2 – 6x + 9 = 0
factorising   :  (x – 3)(x – 3) = 0

so x = 3
the intersection point is (3, 0)


3.  Now consider the case when y = x2 – 4x + 3 and y = 2x – 7 

We write     :  x2 – 4x + 3 = 2x – 7

 rearranging :     x2 – 6x + 10 = 0
this does not factorise so using the formula:

x = 6 ±√(36 – 40)
               2

x = 6 ±√(  – 4) 

             2

which has no real solutions so the line 

does not cross the parabola.



4.  Now consider a completely general case.
y = ax2 + bx + c   and  y = mx + d
We write  :                       ax2 + bx + c  = mx + d
 rearranging      ax2 + bx – mx + c – d  = 0

                       ax2 + (b – m)x + (c – d) = 0
The discriminant of this equation is Δ = “b2 – 4ac”
                                                              = (b – m)2 – 4a(c – d)  
Using the above conditions:
If (b – m)2 – 4a(c – d)  > 0 there will be 2 solutions (ie 2 intersection points)   
If (b – m)2 – 4a(c – d) = 0 there will be 1 solution (ie 1 intersection point)  
If (b – m)2 – 4a(c – d) < 0 there will be no real solutions (ie no intersection  

                                           points).   
5. If y = 4x + p is a tangent to y = x2 + 2x + 3 find the value of p
Solution:
The intersection points would be when x2 + 2x + 3 = 4x + p

Rearranging    x2 – 2x + (3 – p) = 0

The discriminant  Δ = “b2 – 4ac”
                                =     22 – 4 × (3 – p) 
                                =    4 – 12 + 4p
                                =    4p – 8 
The line will be a tangent if discriminant = 0 
                                                ie     4p – 8 = 0

                                                              4p = 8
                                                                p = 2

6.  If y = mx – 6 is a tangent to y = x2 – 4x + 3 find the value(s) of m    
Solution:

The intersection points would be when x2 – 4x + 3 = mx – 6 

Rearranging    x2 – 4x – mx + 9 = 0

                        x2 – (4 + m) + 9  = 0                   (– 3, 24)
The discriminant,  Δ = “b2 – 4ac”  = 0
                                 (4 + m)2 – 4 × 9 = 0

                          16 + 8m + m2 – 36   = 0

                                     m2 + 8m – 20 = 0  
                               (m – 2)(m + 10)   = 0

                                  m = 2 or  – 10 


 
                                                                                                              (3, 0)
                                                                               

                                                                                  –6 
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NB  the discriminant of the equation


x2 – 6x + 5 = 0


is     62 – 4 × 1 × 5 


     = 36 – 25 


    =  9  which is greater than 0


ie    Δ > 0 and we get 2real solutions.





NB  the discriminant of the equation


x2 – 6x + 9 = 0


is     62 – 4 × 1 × 6 


     = 36 – 36


    =  0  


ie  Δ = 0 and we get 1real solution.
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NB  the discriminant of the equation


x2 – 6x + 10 = 0


is     62 – 4 × 1 × 10 


     = 36 – 40


    =   – 4   


ie  Δ < 0 and we get no real solutions.








If ax2 + bx + c = 0 then x =  – b  ± √ (b2 – 4ac)


                                                         2a


The discriminant, Δ = b2 – 4ac 





If m =  – 10 the line is y = – 10x – 6


so the intersection point is found from:


x2 – 4x + 3 = – 10x – 6


x2 + 6x + 9 = 0


(x + 3)2 = 0


x =  – 3  y = 24  


ie the tangent touches the parabola at ( –3, 24)  





If m =  2 the line is y = 2x – 6


so the intersection point is found from:


x2 – 4x + 3 = 2x – 6


x2 – 6x + 9 = 0


(x – 3)2 = 0 


x =   3  y = 0  


ie the tangent touches the parabola at ( 3, 0)  








The slightly confusing point is that the equation  x2 – (4 + m) + 9 = 0 has 1 real solution when 


m = 2 and when m =  – 10.


This refers to 2 different equations each of which has only 1 solution. (as shown on the left)


It does not mean the equation has 2 solutions! 








