CIVIL ENGINEERING PROBLEM.
An engineer is given the task of working out the cheapest way to construct a road across a swampy area joining two existing roads on either side.

                                                                                                                  Existing road

                                       HARD GROUND
                                                                                                  C

                                        SWAMPY LAND                                    80 m
                                              A                             B   
Existing road                             Proposed road                   x 

             HARD GROUND                           200 m
The cost of building a road on hard ground is $1000 per metre and the cost on swampy ground is $3000 per metre.
Solution: 
Distance AB = 200 – x     and (by Pythag) distance BC = √(802 + x2)
Cost C =  AB×$1000 + BC×$3000

            =  (200 – x)×1000 + √(802 + x2) × 3000

            = 200000 – 1000x + √(802 + x2) × 3000
The MINIMUM cost will be when  dC = 0

                                                          dx

 dC =   – 1000 +    1 × 2x  × 3000              =     0

 dx                         2√ (802 + x2)  

     so                       3000x                          =     1000

                           √ (802 + x2)  
                                              3x                 = √ (802 + x2)  

                                              9x2                =    802 + x2  

                                               8x2               =    802 
                                                 x                =   28 metres (rounded to the nearest metre)
(In this case it is probably easier to consider the gradient on either side of x = 28 instead of doing the 2nd derivative test.

At x = 27,  C ' = negative                      and at x = 29,  C ' = positive   so there is a MIN at x = 28)

So Minimum cost = 200000 – 1000x + √(802 + x2) × 3000

                             = 200000 – 1000×28 + √(802 + 282) × 3000

                             = $426,000
