VERTICAL DISTANCE BETWEEN CURVES.
THREE TEACHING EXAMPLES.

1.  Consider the curves  y = (x + 1)2(x – 1)2  and y =  – x2

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	



Clearly the vertical distance between the curves at x =  – 1 and at x = 0 and at x = 1

is 1 unit.

Let  L be the vertical distance. Clearly L = the difference in the y values of each curve.

                 L = (x + 1)2(x – 1)2 – (– x2)

                    = (x + 1)(x + 1)(x – 1)(x – 1) – (– x2)

                    = (x + 1)(x – 1)(x + 1)(x – 1) + x2
                    = (x2 – 1)(x2 – 1) + x2 
                    = x4 – 2x2 + 1 + x2
                    = x4 – x2 + 1
Max/ min L is when   dL  =   4x3 – 2x  = 0
                                   dx                                        
                                       so    2x(2x2 – 1 ) = 0
                                                 x = 0 or  x =   ±1
                                                                        √2

Obviously, the min distance is when x =   ±1      ie    Lmin =  1   – 1  + 1  =   0.75 

                                                                   √2                         4      2 

The max distance is when x = 0 and Lmax =  1 – 1 + 1 = 1
(This is of course a relative max.  There is no actual max dist.                                                          It just increases boundlessly.)
2. Consider the curves :   y = 3x3 – 8x2 + 13x    and  y = x3 + x2 + x 
  Let  L be the vertical distance. Clearly L = the difference in the y values of each curve.       L = 3x3 – 8x2 + 13x    –  ( x3 + x2 + x )

                    =   2x3 – 9x2 + 12x

Max/ min L is when   dL  =   6x2 – 18x + 12  = 0

                                   dx

                                      so   6(x2 – 3x + 2)   = 0

                                           6( x – 1 )( x – 2 ) = 0

                                                x = 1  or x = 2

            Using 2nd derive test:

                d2L  =  12x – 18         if x = 1      2nd deriv is  negative so its MAX DIST

                dx2                              if  x = 2     2nd  deriv is positive so its MIN DIST.

Lmax  =   2x3 – 9x2 + 12x  =    2 – 9 + 12 = 5

Lmin   =  2x3 – 9x2 + 12x  = 16 – 36 + 24 = 4


	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	


This is most unconvincing because the actual least distance is zero at (0, 0).

The theory finds the max/min values of the difference function L =  2x3 – 9x2 + 12x

RELATIVE to around x = 1 and around x = 2 and not the actual biggest and smallest values. (as is the case with all cubics) 
3. A better example would be   y = x(x – 2)(x – 3) and y = x(x – 1)(x – 3) + 3



	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	


   Let  L be the vertical distance. Clearly L = the difference in the y values of each curve.

                 L =   x(x – 1)(x – 3) + 3   –    x(x – 2)(x – 3)                 
                     = x3 – 4x2 + 3x + 3 – x3 + 5x2 – 6x
                     =  x2 – 3x + 3
   So      dL   =  2x – 3  = 0 for  max/min L 

             dx
                             x     =  1.5
Using 2nd derive. test:

                d2L  =  2         which is positive so the min dist is at x = 1.5

                dx2                              
Min distance   =   1.52 – 3 × 1.5 + 3  =  0.75
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      “relative”


     Min distance = 4
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      Max distance = 5














     Curves intersect at x = 0


     so actual dist apart = 0 !





                 1                          2                         3











Min dist = 0.75


At x = 1.5








