Y13 CHALLENGE QUESTION. (Scholarship level).
Kirsty wants to run from P to S                                                  c
as quickly as possible.                                               R                                         S

PQ is a concrete path and she can

run at   V m/s along it.

The land on either side is soft sand

and she can only run at  v  m/s.                                                              x
(  V > v )
She runs on the path from P to Q
then along the sand from Q to S at                                    θ
an angle  θ to the path.                                        d    Q

Prove that for her time t, to be a minimum 
                  cos θ  =   v
                                 V
You may assume that   d2t  > 0     

                                     dθ2                                                                                             (N.B. The values d, c , V and v are constants
          The only variables are θ and x )
Also show that the minimum time t is :
t = d  + c (V2 – v2) ½  
     V          vV                                                             P

SOLUTION to Y13 CHALLENGE QUESTION.
Kirsty wants to run from P to S                                                  c
as quickly as possible.                                               R                                         S

PQ is a concrete path and she can

run at   V m/s along it.

The land on either side is soft sand

and she can only run at  v  m/s.                                                              x
(  V > v )
She runs on the path from P to Q

then along the sand from Q to S at                                    θ
an angle  θ to the path.                                        d    Q

Prove that for her time t to be a minimum 

                   cos θ  =  v
                                 V

You may assume that   d2t  > 0     

                                     dθ2                                                                                             (N.B. The values d, c , V and v are constants
          The only variables are θ and x )
Also show that the minimum time t is :

t = d  + c (V2 – v2) ½  
     V          vV                                                             P

Time t = PQ   +   Qs     =  d – x cos θ   +   x         but c = x sin θ    so  x =   c   
                V           v                 V                v                                               sin θ
So   t  =  d –  c cos θ      +    c
              V     V sin θ         v sin θ

dt    =      c      sin2 θ + cos2 θ       – c cos θ   = 0 for min time
dθ           V             sin2 θ                v sin2 θ
so            c        =       c cos θ
            V sin2 θ         v sin2 θ 
Hence  cos θ  =   v
                           V 
Substituting cos θ  =   v     and hence  sin θ  =  (V2 – v2) ½  
                                    V                                          V
Into    t  =  d –  c cos θ      +    c
                  V     V sin θ         v sin θ
We get :    t =   d    –  c   v          V         +      c      V
                         V       V V (V2 – v2) ½              (V2 – v2) ½  


                    =  d    +  c   V                1       –      v    
                        V       (V2 – v2) ½        v              V2  


                   =    d    +  c   V                1  V2     –      v   v 
                        V       (V2 – v2) ½        v   V2           V2 v 

                   =    d    +  c   V                 V2     –      v2   
                        V       (V2 – v2) ½        v V2          v V2 
                   =    d    +  c  (V2 – v2) ½        

                        V           v V          
