Continuity, Differentiability and Limits.
	“Continuous” simply means “JOINED”.

“Differentiable” simply means “SMOOTHLY JOINED” (i.e. at a point, the gradient on the left hand side has to equal the gradient on the right hand side.)
ie left hand derivative = right hand derivative
1.          y = f(x)



   1
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At x = 4 the y value or f(4) is 3 and 

as x approaches 4 from either side

both y values approach  3 as well.
We say f(x) is Continuous at x = 4

The Left hand derivative is 0.5 and
the  Right hand derivative is 0.5 so we say f(x) is Differentiable at x = 4
2.         y = f(x)
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At x = 4 the y value or f(4) is 1 and 

as x approaches 4 from either side

both y values approach  3..

We say f(x) is Not Continuous at x = 4

Even though both LH deriv and RH deriv

both equal 0.5, the function is not differentiable because it is not continuous. ie not smoothly joined. 
	3.          y = f(x)




   1

   2   

   3   

   4

   5

At x = 4  f(4) = 3 and  lim(f(x))  = 3
                                     x →4

so f(x) is Continuous at x = 4
but LH deriv = 0.5 and RH deriv =  – 2  

so f(x) is not Differentiable at x = 4.

(Note: it is differentiable everywhere else but not at the place where the 2 lines join)
 4.        y = f(x)
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At x = 4  f(4) = 1 and  lim(f(x))  = 3

                                     x →4

so f(x) is not Continuous at x = 4
Because it is not continuous we can also say  f(x) is not Differentiable at x = 4 and we do not have to even check the LHD and RHD.

5.          y = f(x)
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This function is not continuous at x = 1 and at x = 4 (because it is not joined)
We say that lim(f(x))  DOES NOT EXIST
                x →4

because from the left it approaches 2 and from the right it approaches 0.

We say that lim(f(x))  is INFINITE 
               x →1

 In both cases we could say there is no limit. 


	Answer these questions.

1.         y = f(x)
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(a) f(4) = 

(b) lim (f(x))  =

      x →4

(c)Gradient on the left of x = 4 is ……… 

   (i.e. Left hand derivative at x = 4 ) 

(d)Gradient on the right of x = 4 is ……..

    (i.e. Right hand derivative at x = 4)

2. 




A function is made up of two graphs:

y = x2 – 4   when  x < 2   and

y = x – 2     when x ≥ 2

At x = 2 :

             Left hand deriv   =  

            Right hand deriv =

Conclusion: This function  is/is not differentiable at x = 2

	3.  





 The function is :

y = x2 – 1  if x < 1

y = 2x – 2  if x ≥ 1

Determine if this function is differentiable 
at x = 1.

 

4.                                 B 


A



The equation of this function for x < 3
is   y = x (x – 2)

Find the gradient of this curve at x = 3.
(i.e. the left hand derivative.)

What would the gradient of the line AB have to be to make the function differentiable at the point A(3,3) ?

Find the equation of AB for x ≥ 3


	5. 

             




This function consists of :

y = 6   for  x ≤ 6  and   y =  – x   + 2  for x > 6
      x                                       6

Show clearly that the function is differentiable at the point (6, 1)

6. 


This function consists of two parabolae:

                 y = x ( x + 3)       if  x < 0 

          and y =  – x ( x – 3 )   if x ≥ 0

Show clearly that the function is differentiable at the point ( 0, 0))


	7. A function is made up of :

 y = x ( x + 2 )   if  x < 1

and y = 4x – 2 if x ≥ 1

Find the left hand derivative at x = 1

Find the right hand derivative at x = 1

Is the function differentiable at x = 1 ?

Do a VERY careful sketch  below.

 

8. The end section of a trumpet consists of two parts smoothly joined to form the “bell”.  

This is straight                          This is parabolic






The equation of the parabolic section on the right is  y =  x2 + 15   if   1 ≤ x ≤ 4

                     8      8

Find the equation of the straight section (shown by a dotted line on the diagram).so that the parts can be smoothly joined 

	9.









Use the above function to find :

(a)       f( 2 )  =

(b)  lim f(x)   =

        x →2

(c)       f( 5 )  =

(d)  lim f(x)   

        x →5

(e)  lim f(x)   

        x →0

(f)  For what x values is the function not     

     continuous ?
(g) For what x values is the function not     

     differentiable ?
(h) At what x value is the gradient equal to zero ? 

(i) For what x values is the gradient negative ?

(j) Mark places on the graph where the gradient    

    would equal  1 .

(k) Where is the function continuous but not 

     differentiable ?


	You will need to use separate paper to answer the following questions.

The DERIVATIVE or gradient function is:

Lim     f(x+h) – f(x)
   h →0                 h

                                                            Q

                              

                                                      f(x+h) – f(x)

                              P

                                       h

                         f(x)                   f(x+h)

                              x               (x+h) 

10. Using the above formula, prove that the

      gradient of  f(x) =  x 2 + 7x + 9

      is  f '(x) = 2x + 7

11. Using the above formula, prove that the

      derivative of f(x) = 5x2
      is f '(x) = 10x

12. Prove from first principles that the      

     derivative of  f(x) = 1     is   f '(x)  =  – 1 
                                     x                            x2
13. Prove that if y = x4 then dy  =   4x3

                                             dx

     (hint :   (x+h) 4

               = x4 + 4x3h + 6x2h2 + 4xh3 + h4   )
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