PROOF OF THE FORMULA FOR DIFFERENTIATING QUOTIENTS.

     If y = u    then                              v du –  u dv
               v                       dy    =            dx        dx       
                                        dx                        v2 
  If  y = f(x)  =  u(x)    

                         v(x)
then  dy = lim   f(x+h) –   f(x)    =   lim      u(x + h)      –      u(x) 
               dx       h ( 0             h                   h ( 0     v(x + h)              v(x)              

                                                                                     h

now we combine the fractions as follows :

dy    =        lim      u(x + h)  × v(x)      –      u(x) × v(x + h)
dx                       h ( 0      v(x + h)     v(x)               v(x)     v(x + h)        

                                                          h


       =       lim      u(x + h)  × v(x)      –      u(x) × v(x + h)    × 1

                                            v(x + h) × v(x)                              h
Now we add in and subtract the same term and group all the terms to get the desired result.  The term I will choose is    u(x) v(x)

=  lim   u(x + h)  × v(x)  –   u(x) v(x) + u(x) v(x) –  u(x) × v(x + h)    × 1

                                            v(x + h) v(x)                                                      h


=  lim   u(x + h)  × v(x)  –   u(x) v(x) + u(x) v(x) –  u(x) × v(x + h)    × 1

                                            v(x + h) v(x)                                                      h


=  lim v(x)   u(x + h)    –   u(x)    +  u(x)   v(x) –  v(x + h)    × 1

                                            v(x + h) v(x)                                        h

=  lim  v(x)   { u(x + h)    –   u(x) }     –  lim  u(x)   { v(x + h) –  v(x ) }    

             v(x + h) v(x)             h                                     v(x + h) v(x)          h                                                                                                              


=           v(x)  du(x)   –  u(x) dv(x)
                      dx                   dx
                              v2                                                             
Or more briefly                 v du –  u dv
                   dy    =            dx        dx       
                   dx                        v2 
It is interesting that the same QUOTIENT FORMULA can be obtained from the PRODUCT FORMULA as follows:

Using   y = u v 

                          dy = u dv  +  v du 

                          dx        dx         dx  

consider     y = u(x)  or just    u  for short.

                         v(x)                 v 

we can write this quotient as a product :

                    y = u × v – 1 

To differentiate this we need to do it using implicit differentiation:

   so             dy  =   u (–1 v – 2 ) dv    +    du v – 1 

                    dx                         dx          dx

                          =    –u  dv     +     du
                                      dx             dx

                                       v2              v

                          =    –u  dv     +     du × v 

                                      dx             dx

                                               v2                   
Or rearranging:                                  v du –  u dv
                                   dy    =              dx        dx       
                                   dx                        v2 
Note : as h → 0 


v(x + h) v(x) →  v(x) 2








