Differentiating y = 2x
We know that if y = x
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 then y( = 10 x
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  but if y = 2
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, y( ≠  x × 2
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	Consider = f(x) = 2
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If h is very small   Eg  0.001 then
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So if y = 2
[image: image8.wmf]x



then y(= 2
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× 0.69


	Similarly   If y = 3
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 y( = lim   f(x+h) – f(x)
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       = lim       3x + h –  3x
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       = lim        3x × 3h – 3x 
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      =  lim      3x (  3h – 1 )
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If h is very small   Eg  0.001 then
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So if y = 3
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then y(= 3
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× 1.1
_______________________________
So there must be a number between 2 and 3 ( we call it “e ” ) so that if:


y = e
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  then y( = e
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 ×  1

Actually e ≑ 2.7182


Check : If y = 2.718
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  y(= lim       2.718x + h –  2.718x

             h ( 0                     h

        =  lim      2.718x (  2.718h – 1 )

            h (0                               h

       =     2.718 x  ×  1


ie     If y = ex  then y( = ex




THE REASON WHY WE LIKE ex
We found, using limits that if y = 2x then yꞌ = 2x×0.693147…
                                      and if y = 3x then yꞌ = 3x×1.098612…

It might occur to some people that the irrational numbers which go with these derivatives are quite messy.

If we explore some possibilities we can make a fascinating discovery:

y = 2x    then yꞌ =    2x×0.693147…

y = 2.1x then yꞌ = 2.1x×0.74293…
y = 2.2x then yꞌ = 2.2x×0.78845...
y = 2.3x then yꞌ = 2.3x×0.83290…

y = 2.4x then yꞌ = 2.4x×0.87546…

y = 2.6x then yꞌ = 2.6x×0.95551…
y = 2.7x then yꞌ = 2.7x×0.99325...
y = 2.8x then yꞌ = 2.8x×1.0296...
y = 2.9x then yꞌ = 2.9x×1.0647…
y = 3.0x then yꞌ = 3.0x×1.0986…
y = 3.1x then yꞌ = 3.1x×1.1314…
INVESTIGATING FURTHER:

y = 2.71x then yꞌ = 2.71x × 0.9969…
y = 2.718x then yꞌ = 2.718x × 0.99989…
y = 2.7182x then yꞌ = 2.7182x × 0.999969…
y = 2.71828x then yꞌ = 2.71828x × 0.99999932…
y = 2.718281x then yꞌ = 2.718281x × 0.99999969…

y = 2.7182818x then yꞌ = 2.7182818x × 0.999999989…
y = 2.71828182x then yꞌ = 2.71828182x × 0.9999999969…
y = 2.718281828x then yꞌ = 2.71828183x × 1.000000001…
Clearly, the number is between 2.71828182 and 2.71828183
This unique number is another IRRATIONAL NUMBER 

like √2 ≈ 1.414213562…. carrying on for ever without repeating

and   π ≈ 3.141592654…. carrying on for ever without repeating
and we call it e. 
e ≈ 2.71828182845904523536028747135266249775724709369995...
In conclusion: if y = ex  then  yꞌ = ex × 1
SERIES FOR ex.
Suppose  ex  = p + qx + rx2 + sx3 + tx4 + ux5 + vx6 ………                         Equ 1

We are going to find the numbers represented by p, q, r, s, t, …. using the process described below:

Let x = 0 in Equation 1:

This produces :    e0 = p + 0 + 0 + 0 ……   so    1 = p

________________________________________________________________
Differentiating Equ 1, we get :

ex  =   q + 2rx + 3sx2 + 4tx3 + 5ux4 + 6vx5 ……                         Equ 2

Let x = 0 in Equation 2 :

This produces :    e0 = q + 0 + 0 + …..       so    1 = q

________________________________________________________________
Differentiating Equ 2 we get :

ex  =   2r + 6sx + 12tx2 + 20ux3 + 30vx4 ……                              Equ 3
Let x = 0 in Equation 3 :

This produces :    e0 = 2r+ 0 + 0 + …..       so    1 = r
                                                                            2 
________________________________________________________________
Differentiating Equ 3 we get :

ex  =    6s + 24tx + 60ux2 + 120vx3 ……                                    Equ 4

Let x = 0 in Equation 4 :

This produces :    e0 = 6s+ 0 + 0 + …..       so    1 = s
                                                                            6 

________________________________________________________________

Differentiating Equ 4 we get :

ex  =     24t + 120ux + 360vx2 ……                                             Equ 5

Let x = 0 in Equation 5:

This produces :    e0 = 24t+ 0 + 0 + …..       so    1 = t
                                                                            24 
Differentiating Equ 5 we get :

ex  =      120u + 720vx ……                                                         Equ 6

Let x = 0 in Equation 6:

This produces :    e0 = 120u+ 0 + 0 + …..    so    1     = u
                                                                            120 
________________________________________________________________

Putting all this together we get :
ex = 1   +   x   +   x2   +   x3   +   x4   +   x5   +   x6     + ……
                             2         6         24       120       720

These denominators are called “factorials”   ie    2! = 2×1,  3! = 3×2×1
ex = 1  +  x  + x2  +    x3         +      x4              +   x5                      +  ………

              1      2×1      3×2×1        4×3×2×1     5×4×3×2×1       

So ex = 1  +  x  + x2  +  x3   +  x4  +  x5  +  x6  +  x7 + ………
                     1!      2!      3!        4!      5!        6!       7!
It is very interesting to differentiate this and SEE the special result.
Let y =   1  +  x  + x2  +    x3         +      x4              +   x5                      +  ………

                     1      2×1      3×2×1        4×3×2×1     5×4×3×2×1    


So dy  = 0  +   1   +  2x   +  3x2         +   4x3              +    5x4           +    ………       

     dx                       2×1      3×2×1        4×3×2×1     5×4×3×2×1     
dy  =          1   +  x   +  x2         +   x3              +    x4              +    ………       

dx                       1       2×1          3×2×1          4×3×2×1   

        This clearly shows that if y = ex  then also dy  = ex

                                                                              dx

There must be a number between 2.7 and 2.8 so that the RED number becomes 1
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