REAL AND COMPLEX NUMBERS

	QU 1
	Solutions
	Code
	Judgement

	1a


	log2(x + 6) – log2(x – 1) = log2(3)  
log  (x + 6)    = log 3

       ( x – 1) 

   (x + 6)    = 3

   ( x – 1) 

      x + 6  = 3x – 3 

             9  = 2x

             x  = 4 ½ 


	a
	FOR QU 1
Achieved:

One  of code a
Replacement from code m for 1b or c

0 not required

	1b


	(5 – 2i)  ×  (2 – 5i)    =   10 – 10 – 4i – 25i  
(2 + 5i)     (2 – 5i)            4 + 25

                                = 0 – i 
	a
	

	1c
	u v =  √2cis  π    × 3√2cis   π                                                                                                                                            

                     6                     6

     6 cis ( π/3)   or   6 cis (600)

      = 6cos 60 + i sin 60

      =  3 + i3√3
	(a)

m
	Merit:

Achieved plus 1code m
Replacement from code E



	1d
	z3 =  – 27      let x = rcis θ
r3cis 3θ = 27 cis (1800 + 360n)

r3 = 27            3θ = 180 + 360n

r = 3                 θ = 60 + 120n

z1= 3cis 600 or 3cis (π/3)

z2= 3cis 1800 or 3cis (π)

z3= 3cis 300 or  – 60    Or  3 cis(– π/3)
	(a)

m
	

	1e
	If  u = ex – e – x 
and 
v = ex + e – x                                              Solve:    u + 2v = 4

ex – e – x  + 2ex + 2e – x  = 4

3ex + 1 = 4

          ex  

3 (ex)2 – 4ex + 1 = 0

(3ex – 1)(ex – 1) = 0

ex = ⅓  or  ex = 1

x = ln(⅓) or ln(1)

 ( or  – 1.099 or 0)

	(a)

(m)

E
	Excellence:
Merit +
Code E




	Qu 2
	Solutions
	Code
	Judgement

	2a


	x2 – 2x + 6 = 0              x2 – 2x        =     – 6  

                                     x2 – 2x + 1  = 1 – 6 

                                       (x – 1)2     =  – 5 

                                            x         = 1 ± i √5

           
	a
	FOR QU 2

Achieved:

Two of code A

Replacement from code M for 1b or c



	2b


	log6(7x + 8) = 2                    7x + 8 = 36

                                                   7x   = 28

                                                     x   = 4                            
	a
	

	2c


	z = 2cis    π        find z4 in the rectangular form a + bi

                24    

z4 = 24 cis  π   =  16 cos 300 + i16sin 300
                  6

                       =    8√3 + 8i       


	a
	

	2d


	√ (x + w) = 2 +  √x

    x  + w   = 4 + x + 4√x

     w – 4  = 4√x

   (w – 4)2 = 16x

  (w – 4)2 = x

    16
	(a)

m
	Merit:

Achieved plus 

1 code M

Replacement from code E



	2e


	z3 – 3z2 + 4z + p = 0,     p is real,  z = 1 – i

One other root = 1 + i

Let the real root be  b

Equ is                              (z – b)(z2– 2z + 2) = 0

                      z3 – (2 + b)z2 + (2 + 2b)z – 2b = 0

compare       z3 –       3   z2  +      4     z  + p  = 0

so 2 + b = 3  ie real sol = b = 1

                                         p =  – 2b =  – 2 
	(a)

M
	

	2f
	x2 + y2 = 1

1 + z  = (  (x + 1) + yi  ) × (  (x + 1) + yi )

1 + z     (  (x + 1) – yi )     (  (x + 1) + yi  )

         =  (x + 1)2 – y2       +      i  2y(x + 1)
                   (x + 1)2 + y2
        = x2 + 2x + 1 – y2       +     i2y(x + 1)

                      x2 + 2x + 1 + y2
        =  x2 + 2x + 1 – (1 – x2)    +   i2y(x + 1)

                          2x + 2

     = 2x2 + 2x   + i2y(x + 1)  = x(2x + 2) + iy(2x + 2)

                       2x + 2                                2x + 2

      = x + iy    (dividing by 2x +2 so x ≠ –1)
 
	(a)

(m)

E
	Excellence:

Merit +

Code E

N.B. the added condition that x ≠ –1 is obviously desirable but not essential to be awarded E.

Its inclusion can help identify top students for prizes. 


DIFFERENTIATION
	QU 1
	Solution
	Code
	Judgement

	1a


	y = e5x – 3
y( =5e5x – 3 
	a1
	FOR QU 1

Achieved:

One of code a

Replacement from similar code m

	1b


	y = (x – 3)3 at x = 5

y( = 3(x – 3)2
   =  3(2)2
   = 12
	a2
	

	1c
	y = ln(x2 – 1) sin3(5x)

y( = ln(x2 – 1) ×3sin2(5x) ×cos(5x) ×5

      + 2x          sin3(5x)
       (x2 – 1)
	m1
	Merit:

Achieved plus one of code m 

(or two code m)


	1d
	V = 4πr3          dV    = 4πr2                   dV = 200                                                                                                 

         3             dr                                 dt

dr = dr × dV      =  200     =  1     cm/min

dt    dV    dt            4π502     50π
                                         ≈ 0.00637
	(a1) up to chain rule.

m2
	

	1e
	r2 + h2 = 36  so r2 = 36 – h2    height = h + 6

V = πr2(h + 6)
            3

    = π(36 – h2)(h + 6)
            3

    =π(36h + 212 – h3 – 6h2)
                    3

dV = π( 36 – 3h2 – 12h) = 0 for max vol

dr     3

   so  3h2 + 12h – 36 = 0

         3(h2 – 4h – 12) = 0

        3(h – 2)(h + 6) = 0

          Max is when h = 2,    h ≠  – 6 

Max V = π(36 – 4)(2 + 6) 

              3

        = 85⅓π or 268 cm2
	(a1) up to formula for V and allow just h for height

(m2) if correct working with h instead of h+6

E
	Excellence

Merit plus code E




	Qu 2
	Solution
	Code
	Judgement

	2a


	y = sin(x) 

        x6 
y( =x6cos x – 6x5sin x

                 x12   
	a1
	FOR QU 2

Achieved:

One of code a

Replacement from similar code m


	2b


	y= x3 – 6x2 + 9x – 2
y( =3x2 – 12x + 9 = 0 at max/min

      3(x2 – 4x + 3) = 0

     3(x – 1)(x – 3) = 0

Max at x = 1.  Min at x = 3       (test not required)
	a2
	

	2c


	y3 – y + x – x4 = 0

3y2 y( - y( + 1 – 4x3 = 0

 y( (3y2 – 1)    =  4x3 – 1

                          y(   =   4x3 – 1
                                    (3y2 – 1)    
	(a1)

m1
	Merit:

Achieved plus one of code m 

(or two code m)


	2d


	    y = x4 – 2x3 – 36x2
  y( = 4x3 – 6x2 – 72x

y(( = 12x2 – 12x – 72 = 0 at points if inflection
  12(x2 – x – 6) = 0

      12(x + 2)(x – 3)= 0

x =   – 2 and x = 3 

concave down between pts of infl

ie      – 2 < x < 3
	(a1)

m2
	

	2e


	x = t2 + 4 , y = t3 – 3t

dx = 2t      dy = 3t2 – 3 

dt              dt                                                           P
dy  =  3(t2 – 1) = 0 at max/min
dx         2t
          t = + 1 and  – 1 
(a) If t = 1    x = 5 and y =  – 2   MIN( 5,  – 2 ) 

     If t = –1  x = 5 and y = 2   MAX(5, 2)

(It is obvious which is max/ min from given graph so no test required)

(b) grad vert if t = 0 so x = 4, y = 0    ie at (4, 0)

(c) P is also when y = 0

     So  t3 – 3t = 0
         t(t2 – 3) = 0

t = 0 when vert.  so at P    t = ±√3

If t = +√3     grad   y( =  3×3 – 3   =  √3

                                          2√3

If t =  –√3    grad   y( =  3×3 – 3   =  –√3

                                          –2√3
	Could award

m2 for (a)or (b)

E
	Excellence

Merit plus code E




INTEGRATION
	QU 1
	Solutions
	Code
	Judgement

	1a


	    ( e6x – 5  dx  = e6x – 5    + c

                                6
	a1
	FOR QU 1

Achieved:

One of code a
Replacement from similar code m

	1b


	  π                                                     π
( sin(x) dx =     – cos x       = ( 1) – (– 1 ) = 2 units2
0                                                                 0
	a2
	

	1c
	( x√(x + 3) dx    let u = x + 3 so du = dx

=((u – 3)u ½ du

=((u3/2 – 3u ½ du

= 2u5/2 – 2u3/2 + c = 2(x + 3)5/2 – 2(x + 3)3/2 + c 

      5                               5
	(a1)

m1
	Merit:

Achieved plus one of code m 

(or two code m)


	1d
	  π/4                                                       π/4

π(sec2(x) dx  =  π     tan x          = π 

    0                                                                    0
	(a1) for tanx

m2
	

	1e(i)
1e(ii)


	If y = x ln(x) then  y( = ln(x) +x×1 
                                                     x

                                  = ln(x) + 1 
So if y = x ln(x) – x then y( = ln(x)+1–1 
ie ( ln(x) dx = x ln(x) – x + c

_______________________________________

dy = ln( xy )  = y ln x                                                             dx

(        =     (  ln x  dx
ln(y)     = x ln(x) – x + c
  subs x = 1, y = 1

ln(1)     = 1 ln(1) – 1 + c

        c   =  1

  ln(y)   = x ln(x) – x + 1

       y    =  e x ln(x) – x + 1 


	Award m1 if (i) correct.
(m1)


       E

     either
	Excellence

Merit plus code E



	Qu 2
	Solutions
	Code
	Judgement

	2a


	(                                      (  x – 1 + 1   dx
                                                           x

                                  = x2 – x + ln(x) + c

                             2 
	a1
	FOR QU 2

Achieved:

One of code a
Replacement from similar code m

	2b


	x 

0

5

10

15

20

25

30

y 

2

y0

4

y1

7

y2

6

y3
3

y4
2

y5

1

y6


A =         5            2 + 1 + 4(4 + 6 + 2) + 2(7 + 3)

               3
   =  118 ⅓ m2
	a2
	

	2c


	∫ tan6(4x) sec2(4x) dx                 let u = tan (4x)

                                              So du = sec2(4x) 

                                                     4

= ¼ ∫u6 du
= u7   + c   =   tan7(4x)     +  c
   28                    28
	(a1)
m1
	Merit:

Achieved plus one of code m 

(or two code m)


	2d


	  dy  = (y – 1)                                                          

   dx     (x – 4)

∫  dy     =    ∫  dx
  (y – 1)          (x – 4) 
ln(y – 1) = ln(x – 4)  + c

sub x = 5, y = 3

ln(2)       = ln(1) + c

ln(2)       = c

ln(y – 1) = ln(x – 4)  + ln(2) = ln2(x – 4)

  y = 2x – 7 
	(a1)

M2
	

	2e


	dA = kA
dt
ln(A) = kt + c

sub t = 0  A = 155

ln(155) = c

ln( A/155) = kt

sub t = 1 A = 140

k = - 0.10178

ln(A/155) = - 0.10178t

sub A = 50

ln(50/155) = - 0.10178t

t = 11.1 hours

the man would have to wait about 11 hours and 10 minutes


	E
	Excellence

Merit plus code E




dy


 y





x3 – x2 + x dx   =


      x2








