THE FASTEST ROUTE.
                                                                                          B

         Sand   
                                           100m                                        60m


Road    A                                                                                      C

                                               80m

The object is to get from A to B by the fastest route.

I can run at 8 m/s on the road but only 3 m/s on the sand.

(a) If I run straight from A to B on the sand at 5 m/s it will take  100 = 33⅓sec   

                                                                                                    3  
(b) If I run to C at 8 m/s then to B at 5 m/s it takes  80 + 60  =  10 + 20 = 30 sec

                                                                                   8      3
(c)  Suppose I run to point D then diagonally to B. 
                                                                                           B

                     Sand
                                                     √(x2 + 602)                     60m

    

Road    A                                       D                                  C

                         80 – x                                    x 

Time T =   80 – x       +   √(x2 + 602)     = 10 – x   + (x2 + 602) ½               
                       8                      3                         8
dT =  – 1     +   ½ (x2 + 602) –½ ×2x        =   – 1    +      x                = 0 for min T           
dx         8                     3                                  8           3(x2 + 602) ½          
      x             =      1
3(x2 + 602) ½          8   
         8x        =  3(x2 + 602) ½          
       64x2       = 9(x2 + 602)
       55x2       = 32400
            x       ≈ 24.3 m
Min T =  80 – 24.3   +  √(24.32 + 602)    =  28.5 sec

                       8                      3
Alternative method using the angle.
                                                                                           B

                     Sand

                                                                   y                       60m

                                                               θ

Road    A                                       D                                  C

                       80 – y cos θ                          x = y cos θ 

60  = sin θ      so   y =  60
y                                 sin θ           

____________________________________________________________
Time =     80 – ycos θ          +                 y                                                            
                      8                                        3
   T     =  10 – ycos θ +  y                  but  y =       60

                          8          3                                 sin θ 
So T = 10 – 7.5 cot θ  +    20
                                        sin θ
dT   =  7.5cosec2 θ – 20 cos θ     =  7.5     – 20 cos θ       = 0 for Min T

d θ                                sin2 θ          sin2 θ          sin2 θ

7.5     = 20 cos θ       

sin2 θ      sin2 θ
cos θ = 7.5
             20

      θ  = 68o
Min T = 10 – 7.5 (cot68)     +      20 

                                                   sin68o
           = 28.5sec
